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ABSTRACT

Alternating diagonal ordering of node points for a two-dimensional 

finite-difference model of ground-water flow can be used to produce a 

direct solution algorithm that is computationally more efficient than 

iterative methods for moderately sized grids. Comparisons with the 

strongly implicit procedure, line-succesive overrelaxation, and the 

iterative alternating direction implicit procedure indicate that a direct 

method using alternating diagonal ordering can be competitive for as 

many as 3,000 equations. A FORTRAN computer code is included that 

is compatible with the two-dimensional ground-water flow model developed 

by the U.S. Geological Survey. The performance characteristics, computer 

storage requirements, and input data requirements for the direct solution 

algorithm are also included.
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INTRODUCTION

As the availability of large capacity, high speed computers increases, 

the utility of direct methods (Gaussian elimination) for solving 

the set of linear algebraic equations encountered in ground-water 

modeling also increases. Price and Coats (1974) analyzed the use of 

direct methods for solving matrix equations encountered in reservoir 

simulation problems. They argue that it is well known that the commonly 

used method for ordering equations (that is, numbering a finite-difference 

grid in the smallest dimension) is certainly not the most efficient one. 

They go on to discuss the advantages of various alternative methods for 

ordering equations, in particular, a method which they refer to as D4 

or alternating diagonal ordering. Results indicate that for large grids, 

D4 ordering requires only one-fourth the computing time and one-third the 

storage of standard ordering for non-symmetric problems in two-dimensions.
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D4 ORDERING

The purpose of D4 ordering is to construct a coefficient matrix such 

that during the elimination process, sparsity will be conserved. Sparsity 

refers to the relative number of non-zero elements in the matrix. Certain 

multiplications and divisions can be avoided if zero elements are encountered 

during elimination and thus, if the sparsity is maximized, the work required 

to complete the elimination can be minimized. Consider a 5-by-5 grid shown 

in figure 1 with the grid points numbered in D4 fashion. The coefficient 

matrix [A], resulting from finite-difference approximations for a two- 

dimensional ground-water flow model will have non-zero entries denoted 

by the X's in figure 2.

Note that the upper half of [A] is already in upper triangular form 

(no non-zero elements to the left of the main diagonal). Eliminating 

unknowns associated with equations in the upper half from the equations 

in the lower half, produces non-zero entries in the lower half of [A] 

shown by the circles in figure 2. Note that, 1) calculations are not 

required for zero entries during this elimination, and 2) the bandwidth 

of non-zero entries created in the lower half is such that elimination 

through the lower half requires less work than standard ordering. Although 

item 2) may not be obvious from figure 2, Price and Coats (1974) 

demonstrate that these characteristics can reduce the work (number of

multiplications and divisions) required for elimination to almost

2 
N /4 for large square grids, where N is the number of equations. Standard

2 
ordering requires N multiplications and divisions; thus D4 ordering

may require only one-fourth as much work.
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Figure 1.--D4 (alternating diagonal) ordering for a 5-by-5 grid
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X XX
X XXX
X XX XX
X X XX
X XX
X XX XX
X XX XX
X XX XX
X XX
X XX X
X XX XX
X XX X 
X XX

XXX XOOOO
X XX OX OOO
X XX O XO OO
XX XX OOOXO OOO
XX XX OO OXO OOO
X XX O OX OO
XX X OO XO O
XX XX OOO OXO OO
XX XX OOO OXOOO
XX X OO OX O 

XX X OOO XO 
XXX OOOOX

Figure 2.-- Structure of matrix [A] assuming D4 ordering. The X 
characters denote non-zero elements in the original 
matrix [A]. The 0 characters denote non-zero elements 
formed by eliminating the X characters from the equations 
in the lower half of the matrix.
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Also, symmetric matrices require only one-half as much work as 

non-symmetric matrices (operations are necessary only to the right of

the main diagonal). Thus, the work required using D4 ordering may

2 3 approach N /8 or IJ /8 for large square grids, where I and J are the

grid dimensions.

ESTIMATING WORK RATIOS 
/

For direct solution methods, the bandwidth of the coefficient matrix 

is an important characteristic because the storage requirements are 

proportional to the bandwidth and work is proportional to the square of

the bandwidth. The work required for elimination of a banded symmetric

2 3 
matrix, using standard ordering, is approximately NJ 12 or IJ 12 where J,

the smallest grid dimension, is assumed to approximate the bandwidth of the 

matrix. If the reduction in work produced by D4 ordering can be estimated, 

the work ratio between D4 ordering and iterative methods can also be 

estimated for various grid sizes.

If J<I, the bandwidth for standard ordering is J+l and the work for large

3I and J is, as mentioned above, approximately IJ /2. Therefore:

Lj3

WD4 ~ fD4 2 (1)

where f , is the work ratio of D4 compared to standard ordering. Figure 

3 shows work ratios of D4 to standard ordering (fn /) achieved using an 

IBM 370/155 computer for various grid sizes and grid elongations (ratios of 

J to I). The Gauss-Doolittle method of decomposition (Forsythe and Moler, 

1967) was used for both D4 and standard ordering. Thus an estimate of work 

using D4 ordering can be obtained using figure 3 and equation 1.
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For iterative solution methods, the work for each iteration is 

directly proportional to the number of equations and the total work 

required for a solution can be written:

"it = WJ
where C. is the number of multiplications and divisons required per 

iteration, N. is the number of iterations required for a solution, and IJ 

is the product of the grid dimensions which presumably approximates 

the number of unknowns for a given problem. The coefficient C. is 

about 31 for SIP (strongly implicit procedure), 47 for IADI (iterative 

alternating direction implicit procedure) and 23 for LS0R (line-successive 

overrelaxation) as coded in the model for two-dimensional ground- 

water flow developed by Trescott and others (1976) . Note that the 

grid dimensions of the two-dimensional ground-water flow model are not 

exactly equal to I and J as discussed herein. To simplify computations, 

the model grid includes a border of inactive node points. Thus the 

model grid dimensions must be reduced by 2 to obtain the values of I 

and J used in this discussion.

The relative work between the D4 method and the iterative methods 

can be estimated by combining equations 1 and 2 as:

WD4

C.N.It 11
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In developing a computer code that would be compatible with the two- 

dimensional ground-water flow model (Trescott and others, 1976), 

a small amount of overhead was required to calculate the coefficient 

matrix. To make a more accurate practical estimate of work ratios 

(W_,/W. ), this overhead (approximately 20IJ multiplications) is 

included even though it becomes insignificant for large grids. The 

work ratio between D4 ordering and iterative methods can thus be 

approximated by:

w

Figure 4 depicts the quantity WD ,N./W. f°r various grid sizes 

(assuming I=J) for the three iterative methods included in the two- 

dimensional ground-water flow model. Equation 4 was used to construct the 

graph with values of f , obtained from figure 3 for a 1:1 elongation ratio, 

The quantity W ,N./W. is the number of iterations that yield the same 

amount of work required by direct solution with D4 ordering. Thus if 

an iterative method requires more than W ,N./W. iterations, the problem 

can be solved more efficiently using the D4 technique.
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It is also of interest to note that for a problem containing 

missing grid blocks (transmissivity equal to zero) or other irregularities 

in boundary geometry, the D4 technique may be more effective than equation 

4 would predict. The reason is that missing grid blocks or irregular 

boundary geometry can result in a smaller bandwidth than that estimated 

from the grid dimensions. It is clear from equation 4 that if the 

bandwidth is reduced, the work required for the D4 technique may be 

significantly reduced because the work is directly proportional to the 

square of the bandwidth.

COMPUTER CODE

A FORTRAN computer code was developed to perform direct solution 

assuming D4 ordering. The code was constructed to be interchangeable 

with the S0LVE2 subroutine (LS0R) in the two-dimensional ground-water 

flow model (Trescott and others, 1976) and is listed in the appendix. 

Although the definition of some input data variables has changed, the 

only modification required to accommodate this subroutine into the program 

is to change one card in the main program. This card is also listed in 

the appendix. Before describing the changes in input data, a discussion 

of non-linear terms and uniform time steps is appropriate.
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Non-linear Terms

For water-table aquifer systems; systems that include ground- 

water evapotranspiration; or combined water-table artesian simulations; 

the resulting equations are non-linear or are only piecewise linear. The 

term piecewise linear is meant to imply that the system is linear over certain 

ranges of head but not uniformly linear over the entire range. To 

analyze these problems effectively in the environment of a direct-solution 

scheme, linearization techniques such as Newton-Raphson iteration (Blair and 

Weinaug, 1969), or perturbation (J.V. Tracy, oral comm., 1977) can 

be used. Although these methods solve the problem in a mathematically 

pleasing fashion, a nonsymmetric coefficient matrix is produced, thus 

significantly reducing the utility of a direct-solution scheme. For 

most ground-water problems, a simple technique called extrapolation can give 

satisfactory results with a minimum of computational effort.

Extrapolation

The purpose of using a technique such as perturbation is to avoid 

decomposing the coefficient matrix more than once per time step, as 

would be required if the non-linear terms were updated iteratively. 

A very simple, yet effective, method for obtaining an estimate of the 

non-linear terms is to extrapolate the head using values calculated 

from preceding time steps (Von Rosenberg, 1969). Generally, 

extrapolation is made to the mid-point of the next time step, thus providing 

estimates of the average non-linear coefficients during that step. If the 

point of extrapolation is variable, the scheme could be written as

h* = h + 6(h - >

-12-



where h* is the estimated head to be used for calculating non-linear 

terms, h, . and h,_2 are heads at the k-1 and k-2 time levels, 

respectively, and 6 is the extrapolation factor. If 6 is set to zero, 

the scheme becomes one of explicit evaluation of non-linear terms at 

time level k-1. Although the method is simple in concept, it appears 

to be quite effective for many non-linear ground-water flow problems 

and yields an estimate of the solution to the non-linear problem in a 

single decomposition of the coefficient matrix.

Extrapolation may not eliminate all of the difficulties associated 

with non-linear terms, however, and so the computer code was structured 

to allow a sequence of "controlled" iterations during each time step. This 

takes the form of specifying a minimum number of iterations that must be 

completed during the step. Non-linear terms are evaluated using the head 

computed by the most recent iteration. A maximum number of iterations 

is also specified and the sequence is terminated if the maximum head 

change for an iteration is smaller than a specified tolerance. Termination 

of the sequence must be achieved within the maximum limit of iterations 

or the program will abort. However, by selecting an arbitrarily large 

closure tolerance, a minimum number of iterations can be guaranteed and 

the closure tolerance will be satisfied; thus the program will not 

abort. The use of iteration, although somewhat inefficient computationally, 

should allow the solution of many problems that cannot be solved using 

only extrapolation.
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Uniform Time Steps

For linear problems (artesian simulations with no evapo- 

transpiration), a direct-solution technique can be very effective for 

simulations with uniform time steps. For these problems, the 

coefficient matrix does not change from one time step to the next and 

therefore only a single decomposition of the matrix is required. Heads 

at subsequent time steps are determined by reformulating the right hand 

sides of the difference equations and back substituting. The computational 

work required to reformulate and back substitute can be substantially 

less than that of decomposition, thus solving for several uniform 

time steps can be accomplished much more efficiently than an equivalent 

number of non-uniform steps.

The computer code is designed to take advantage of this reduction 

in work automatically if the necessary conditions exist. The necessary 

conditions are: 1) artesian simulation, 2) no evapotranspiration, 3) 

no iteration specified (see variable LENGTH below), and A) uniform time 

steps.

Changes to Input Data

Subsequent paragraphs describe changes in the definitions of some 

input data variables used in the two-dimensional ground-water flow model 

(Trescott and others, 1976). Complete descriptions of the input data 

cards can be found on pages 49-55 of that report.
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In group II, card 2, columns 21-30, the variable ERR is used to 

define the error criterion for closure on the iteration sequence for 

non-linear problems. If the calculated head change for an iteration 

is smaller than this value at all nodes, iteration will stop. Reason 

able values of this parameter are probably about 0.1 or 0.2 and are 

related to the amount of error in transmissivity, evapotranspiration 

coefficients, or leakage coefficients that is acceptable. A large value 

of ERR can be used to guarantee closure after a minimum number of iterations 

has been completed.

In group II, card 2, columns 71-80, the variable LENGTH is defined 

as the minimum number of iterations desired. Thus if at least 2 iterations 

(in addition to the first decomposition) are desired, code 2 for LENGTH. 

The maximum number of iterations desired is controlled by the parameter 

ITMAX (group I, card 4, columns 31-40). Set ITMAX to the maximum number 

of iterations desired. For some problems in which non-linearity is 

caused by the constraints on evapotraspiration coefficients or leakage 

coefficients in combined water-table artesian simulations, it may be 

desirable to iterate one or two times. If these two parameters (LENGTH 

and ITMAX) are set equal, and ERR is sufficiently large, LENGTH iterations 

will result. The purpose of this type of iteration is to insure that the 

water-level has not exceeded the allowable range for correct coefficient 

calculation during the time step. For example, evapotranspiration rate 

is limited to a maximum value if the water level is above land surface.

-15-



If the water level moves above land surface during a time step, the 

rate will be incorrect unless iteration is performed. However, this 

not be necessary for most problems and may only be significant 

for steady-state calculations. To avoid iteration, set LENGTH to zero.

In group II, card 3, columns 1-10, the variable HMAX is defined 

as a dampening factor similar to $' used in the SIP algorithmn. It can 

be used to control oscillations for some highly non-linear water-table 

problems. (See Trescott and others, 1976, pp. 26-29).

Recall that the computer code was constructed as a replacement for 

subroutine S0LVE2 (LS0R) and thus LS0R must be selected in group I, 

card 3, columns 26-30 to designate direct solution. If direct solution 

is selected, an additional data card is required prior to the group IV data. 

The card inputs the variable THETA used for extrapolation in water-table 

simulations. The format is F10.0 (columns 1-10) and a blank card is 

required for simulations in which direct solution is selected and THETA is 

not used (non-water-table simulations).

Additional arrays (AU, AL, 1C, B, and IN) are required for direct solution 

and are dimensioned explicitly in the subroutine. (See Appendix).The required 

dimensions for AU, AL, 1C, B, and IN are computed by the program and 

displayed on the program output. These variables and must be dimensioned 

at least as large as indicated on the output if the program is to run success 

fully. Array IN should always be dimensioned by at least DIML-2 by DIMW-2 

(DIML and DIMW are the model grid dimensions). Initially, the other arrays can 

be dimensioned as follows, assuming N - DIML x DIMW, AU and 1C should 

be N/2 by 5, AL should be N/2 by DIML-1, and B should be N. If these

-16-



estimates differ significantly from the computed values, it may be 

appropriate to recompile using the computed dimensions. 

Storage Requirements and Computation Time

Although storage requirements and computation time will depend 

entirely upon the type of computer system available, experience on an 

IBM 370/155   will be presented to provide some insight into expected 

values.

The core storage in thousand- byte units (1 byte = 8 bits, 32 bit 

words) can be approximated by:

C - 87 + 0.034 N1 ' 23 (6)

where N is the number of active nodes (unknowns). This assumes that all 

options have been selected and that the Y array (see Trescott and others, 

1976, p. 38) and the additional arrays required for D4 ordering are 

dimensioned exactly as required. Thus, for 1000 unknowns, 254K bytes of 

core storage are required. That part of this total required by the additional

arrays in D4 is approximately;

IN + 0.5NB , 7 x 
UD4 256 U;

where B is one less than the smallest grid dimension (DIML-1 or DIMW-1). 

On modern computers, core storage is commonly available in quantities 

that allow serious consideration of problems involving as many as

I/ The use of brand name in this report is for identification purposes only 

and does not imply endorsement by the U.S. Geological Survey.
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three thousand unknowns. As a practical matter, two-dimensional ground- 

water models seldom have more than 3,000 unknowns and therefore the 

D4 ordering technique should be an effective solution method.

An empirical relation for CPU (central processor) time in seconds, 

excluding data input, is:

t = (4.82 X 10~5 ) N1 ' 69 (8)

This is the time required to complete an iteration, or a non-uniform 

time step, if iteration is unnecessary.

Roundoff Error

Roundoff error may cause difficulties for some problems if the 

magnitude of the elements of the coefficient matrix are highly variable. 

The decomposition of the matrix as written in the computer code in the 

appendix is carried out in single precision arithmetic and computers 

such as the IBM 370/155 that have a standard word size of 32 bits (6 to 7 

decimal digits) can be prone to roundoff error. Computers that have larger 

standard word sizes (such as the CDC 7600 with 60 bit words) seldom have 

roundoff error problems.

Errors in the mass balance computed by the ground-water model are 

indications of roundoff error. If the error is large (greater than about 

one percent), it may be necessary to 1) carry out the decomposition in

-18-



double precision arithmetic, 2) iterate on the residual of the difference 

equations, 3) use some form of scaling the coefficient matrix, or 4) 

use a computer that has a larger standard word size. Iteration on the 

residual is accomplished merely by forcing iteration (LENGTH>0). 

Scaling the coefficient matrix requires modification of the computer 

code and was found to be somewhat ineffective on a test problem that 

exhibited roundoff error difficulties.

Utility

It is anticipated that the D4 method will be most useful in the 

solution of steady-state problems. For the iterative methods (SIP, 

ADI, and LS0R) solutions to steady-state problems generally require many 

iterations unless the initial estimates of aquifer head are close to 

the solution. This is uncommon, however, and thus the D4 method should 

be very effective.

For transient problems, the aquifer head at the old time level is 

normally very close to the values at the new (unknown) time level and 

iterative methods can be used to obtain a solution in a few iterations. 

Large time steps however, will probably result in a situation similar 

to steady-state problems in that many iterations may be required by 

iterative methods and the D4 method may be more effective. Also, as 

indicated previously, transient simulations of linear problems using many 

time steps of equal size may be accomplished very efficiently using the 

D4 method.
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CONCLUSIONS

The size and speed of modern computers have increased utility 

of direct- solution techniques as applied to ground-water modeling problems. 

The DA ordering scheme with Gauss-Doolittle decomposition is competitive 

with iterative methods, such as SIP, IADI and LS0R, for many problems. 

The problem of selecting iteration parameters, restrictions on coefficient 

variation, and slowly converging or possibly non-converging sequences of 

estimates are virtually eliminated if direct solution is used.

Work ratios between the D4 method and the iterative methods 

can be estimated and an evaluation of the utility of the D4 method can 

be made. On an IBM 370/155 computer, the two-dimensional ground-water model 

can be programmed to solve for 3,000 unknowns in the same amount of CPU 

time required for about 13 SIP iterations. Thus, direct solution 

assuming D4 ordering can be an effective solution algorithmn for a wide 

range of ground-water modeling problems.
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Changed to program code to use D4

1) Change card MAN1710 in the Main program to: 

43), Y(L(20)),Y,(L(22)),Y(L(21)),Y(L(18)) 

Note that this is a continuation card and thus the first 

character (4) is in column 6.

2) Insert the subroutine listed on the following pages in 

place of S0LVE2.
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